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Abstract

In this paper, for the first time, a numerical continuation algorithm for dynamical integrity assessment—also known as
basin stability—is developed. The method exploits information about the dynamical integrity of previous parameter sets—
computed through a DynIn based algorithm—for estimating the local integrity measure of a neighboring parameter set,
whose value is then corrected. Overall, the algorithm resembles a classical predictor-corrector scheme used for numerical
continuation of steady-state solutions, but it is applied to the local integrity measure. The method is tested on three diverse
dynamical systems, namely, a non-autonomous Duffing oscillator, a van der Pol-Duffing oscillator with an attached vibration
absorber (autonomous system), and an industrial model of a self-synchronizing vibrating screen. Despite the challenging
scenarios encountered, encompassing fractal basins of attraction, several coexisting stable solutions and moderately large
dimensional systems, the method was able to rapidly and accurately generate robustness maps for all of them, illustrating
the systems’ dynamical integrity for large ranges of the parameter sets. The algorithm also unveiled branches of isolated
periodic solutions, which would be unattainable by traditional continuation methods. Additionally, we extended the capabilities
of the DynIn toolbox, enabling it to handle chaotic solutions and to efficiently compute basins of attraction sections.
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1 Introduction

Engineers dealing with nonlinear dynamical systems often
face challenges related to the existence of more than one
steady-state solution. In these circumstances, the local sta-
bility of a steady state does not guarantee its global stability,
meaning that external perturbations larger than a certain mag-
nitude can cause the system to leave the desired solution
and diverge, or converge to another state. Thus, a measure
to quantify the actual, practical stability of an attractor is
needed. In order to characterize the robustness of a steady-
state solution to withstand external perturbations to the
operating initial conditions, the terms dynamical integrity
[1, 2] or basin stability [3] are often used.

The importance of dynamical integrity has already been
highlighted in engineering practice [2, 4, 5], since this mat-
ter can occur in a wide variety of problems. In most cases,
the examination of the robustness is necessary for prevent-
ing the system from diverging towards undesirable motions
when perturbations are not infinitesimal. For instance, a
rolling wheel can diverge from its stable equilibrium towards
shimmy oscillations as a result of an external force [6].
In a similar fashion, power grids might experience limit
cycle oscillations if their equilibrium is disturbed, leading to
blackouts [7], airplane wings can undergo flutter vibrations
triggered by gusts [8], and epileptic seizures may be initiated
as a result of afferent perturbation [9]. There are, however,
other cases, where the complete opposite is the goal of the
investigation. For example, in snap-through actuators used in
micro-electromechanical systems (MEMS), it is favorable to
have minimal dynamical integrity to ensure that less voltage
is sufficient for the operation [10].

As the name already suggests, the basin stability of an
attractor can be studied through the size of its basin of attrac-
tion (BoA), which is the set of all initial conditions in the
phase space, from which the trajectories asymptotically con-
verge to that attractor; in a general sense, the larger this basin
is, the more robust the solutions will be to external impacts
[3]. However, also its shape is very important towards a solu-
tion’s dynamical integrity, as thoroughly discussed in [11],
and well expressed by the dynamical integrity measures, as
detailed later.

Unfortunately, analytical methods used for the approxi-
mation of the BoA, generally based on Lyapunov functions,
are usually difficult, or even unfeasible for complex, or large
dimensional systems [12—14], which indicates the need for
numerical methods for this objective.

Traditionally, numerical methods include the discretiza-
tion of the phase space into cells, after which, each cell
is classified based on where the trajectory initiated there
converges to [15]. Even though this approach has the advan-
tage of providing detailed information about the size and
shape of the BoA, it is computationally very inefficient and
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expensive, since from each trajectory it collects only one
bit of information. This problem is brilliantly overcome
through the cell mapping method [16], which exploits a
lot of very short trajectories to generate a Markov graph,
which enables the identification of the BoA. However, the
cell mapping method suffers significantly from high memory
requirements, which increase exponentially with the system
dimension [17-19]. Likewise, statistical methods, based on
Monte Carlo sampling [20], can slightly reduce the computa-
tional cost; however, they do not provide any insight about the
BoA’s shape, and they might miss rare events if the number
of samples is not large enough [21].

Another problem of BoAs, especially relevant for engi-
neering applications, is their quantitative evaluation. Since
they can have very complex and exotic shapes, typically
involving fractal geometries, this task is not trivial. Attempt-
ing to solve this problem, Soliman and Thompson [1] and
later Lenci and Rega [11] introduced the so-called dynamical
integrity measures, which allow one to quantify a BoA with
a single scalar quantity. Several integrity measures exist, like
the global integrity measure, which is the volume of the BoA
[22], or the local integrity measure (LIM), which is defined as
the radius of the largest hypersphere centered at the steady
state and entirely included within the solution’s BoA [1].
This latter measure has the advantage that it excludes fractal
regions of the basin, and quantifies only the compact and safe
portion of the BoA.

In this context, an algorithm was introduced in [23] to
directly estimate the LIM of a steady-state solution, without
computing the BoA. The idea behind the method is to per-
form only a limited number of simulations and exploit a cell
subdivision of the phase space for classifying the trajecto-
ries as either convergent to the desired solution or divergent.
This allows a rapid exploration of the phase space and per-
mits the iterative calculation of the LIM as the minimal
distance between the steady-state solution and any divergent
trajectory. Overall, at the expense of full BoA knowledge,
this approach drastically reduces computational time, while
delivering a single scalar value that quantifies the dynamical
integrity of a steady state, making it a suitable method for
practical applications. The algorithm in [23] was first devel-
oped for fixed points, later generalized for the periodic orbits
of autonomous and non-autonomous systems in [24], and for
time delayed systems in [25]. The methods ability to assess
non-smooth systems is also highlighted in these studies. This
set of algorithms is implemented in the open source DynIn
Toolbox. In a recent study [26], the method was also coupled
with the spectral submanifold model reduction technique for
addressing large and experimental systems.

In engineering design, parametric analysis has an essen-
tial role in aiding design and parameter optimization. The
general objective of this study is to optimize the algorithm
developed in [23] and [24] for parametric analysis, as detailed
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below. Parametric studies of nonlinear systems normally
include the continuation of the steady-state solutions and
bifurcation analysis [27]. Commonly, numerical continua-
tion methods are applied for these tasks, because they are
easier to automate than analytical methods [28]. These algo-
rithms are widely available nowadays for fixed points [29,
30], and, through shooting methods or boundary value prob-
lems, for limit cycles of autonomous systems [31-33], or
periodic orbits in non-autonomous systems [28]. They have
also been implemented in open source software, such as
Auto [34], MatCont [35], CoCo [36], Manlab [37], and
DDEBifTool [38], to aid engineers. Even though there is
great variety in the methods, they usually involve the uti-
lization of a predictor-corrector scheme, which allows for
the effective continuation of solution branches. The predic-
tion step, generally through a tangent vector, achieves the
reduction of iterative steps needed by the corrector, com-
monly a Newton-Raphson iteration, while also making the
algorithm able to continue a given branch through a turn-
ing point [33]. Numerical approximation of the monodromy
matrix also makes these algorithms capable of computing the
local stability of steady states from the Floquet multipliers,
thus making bifurcation analysis possible [39].

All the mentioned algorithms limit their range of anal-
ysis to the surrounding of the steady state. In other words,
they perform a local analysis of the system and its evolu-
tion for parameter variations. Up to the authors’ knowledge,
currently no method for performing the parameter continua-
tion of a global analysis exists, while such an approach was
only theorized in [40]. Thus, in this study, we aim to develop a
numerical method, which can not only follow the steady-state
solution of a nonlinear system, but is also able to continue its
dynamical integrity, making it applicable in practical engi-
neering problems. We use a predictor-corrector scheme to
speed up safe basin approximations, while also increasing
the precision of the estimations. As detailed in the next sec-
tion, the algorithm can rapidly identify the majority, if not all,
of the solutions of a system, helping to acquire knowledge
about the entire phase space and not just one solution.

In addition to the continuation algorithm, this study pro-
poses two developments of the DynIn set of algorithms.
First, it exploits the DynIn cell subdivision framework
to rapidly identify BoA sections, overcoming the memory
issues of the cell-mapping method [16], at the price of
restricting the result to single sections of the BoA (not neces-
sarily bi-dimensional). Then, we extend the set of analyzable
steady-state solutions to chaotic ones, rarely addressed in
global analysis studies.

The remaining part of the paper is organized as follows.
In Sect. 2, we further detail the goals of the algorithm, and
describe the realized computational method, specifying its
capabilities. In Sect. 3, we assess the performance of the algo-
rithm on three different systems, namely a forced Duffing-

oscillator, a Van der Pol-Duffing oscillator supplemented
with a nonlinear vibration absorber, and a self-synchronizing
vibrating screen model. A brief discussion about the obtained
results, their practical implications, and the limitations of the
method are discussed in the concluding section.

2 Algorithm

The main objective of the present study is to develop an
algorithm, which allows for the rapid assessment of dynam-
ical integrity over a given parameter range, leveraging the
algorithms for quick robustness assessment implemented in
the DynIn toolbox [23, 24]. The method should exploit
the information about the system’s dynamics, acquired for
a parameter set, for accelerating the dynamical integrity
estimation of another parameter set in close proximity to
the previous one. Essentially, this approach constitutes the
first attempt to apply concepts of numerical continuation to
dynamical integrity assessment.

Additionally, two important features, so far missing in
the DynIn toolbox, are introduced in this study. Firstly, an
algorithm for computing entire sections of the BoA, which
exploits a similar cell subdivision approach as the funda-
mental DynIn algorithm [41]. This allows for a very rapid
computation of BoA sections, which is relevant both for val-
idating results about the LIM, and for obtaining a deeper
insight for particularly important parameter sets. Secondly,
the capabilities of DynIn are extended to the LIM estima-
tion of chaotic solutions, by exploiting a discretization of
the solution. The same approach can be utilized also for
quasiperiodic solutions, which, together with equilibrium
points and periodic solutions, cover all standard bounded
steady-state solutions that finite dimensional dynamical sys-
tems can experience [42].

The continuation algorithm, the BoA identification algo-
rithm and the LIM estimation for chaotic solutions are
discussed in the following three subsections.

2.1 Continuation algorithm

In order to perform the above described continuation task,
the algorithm should first of all numerically continue a user
provided solution branch, either a fixed point or a periodic
orbit of autonomous or non-autonomous systems, while also
addressing the local stability of the solutions. Information
about a branch of steady-state solutions and their linear sta-
bility properties constitute the base on which the dynamical
integrity assessment is performed.

The numerical continuation implements the shooting
method coupled with a pseudo-arclength algorithm, for the
continuation of fixed points and periodic orbits, as described
in [28, 33]. Information about the stability of the solutions

@ Springer
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Fig. 1 Bifurcation diagram of the periodic solutions of the system
described in (1), with parameters ¢ = 0.05 and w = 1.1. Stable and
unstable solutions are represented by solid and dashed lines, respec-
tively. Here, INR, IR, and OR represent the in-well non-resonant, in-well
resonant, and out-of-well resonant solutions of the system, while snA,
snB, snC and pd refer to saddle-node and period-doubling bifurcations

along the branch is important to avoid computing the dynam-
ical integrity of unstable solutions, which would always be
zero. This is usually obtained by numerically calculating the
monodromy matrix of the solutions [28]. Then, based on the
eigenvalues of the said matrix, the stability and bifurcation
points of the system are computed. This approach can be
well integrated into the continuation of the solution branch
and can provide the stability metrics before the continua-
tion of the dynamical integrity is initiated. Thus, this part
of the algorithm produces the required information regard-
ing the assessed solution branch, and prepares the ground
for the subsequent LIM calculation. Results achieved by this
method can be seen on Fig. 1, where the bifurcation diagram
of the system described later in Section 3.1 was computed
using the pseudo-arclength continuation algorithm.

Once the solution branch has been computed, the solutions
are saved only for a user provided set of parameter values.
The knowledge of some of the existing steady states signifi-
cantly accelerate the estimation of the LIM performed later,
by facilitating the trajectory classification, which is partic-
ularly time consuming if a trajectory converges towards a
previously unknown solution.

The next step of the method, the dynamical integrity esti-
mation, is based on a predictor-corrector scheme, where
the correction is done by the iterative procedure of the
incorporated DynIn software [23, 24]. Therefore, the main
innovation of our algorithm is the provision of inputs to the
correction phase, which would allow it to perform faster,
as well as need less iterating steps, through the prediction
phase. A sound analogy is the pseudo-arclength continua-
tion method, where the predictor step’s purpose is to reduce
the number of iterations required by the Newton-Raphson
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method to converge [31]. Thus, since the corrector step esti-
mates the LIM as a measure of robustness, the prediction’s
primary objective is to prepare a good first estimate of this
measure making the convergence of the corrector step to the
final LIM value require less computational time and provide
more precise results.

The key point of LIM estimation is the identification of
the closest portion of the BoA boundary to the solution, that
we call critical point. Although this can suddenly and discon-
tinuously change for parameter variations, it generally varies
continuously with the parameters. Accordingly, the predictor
should transfer the information about the critical point from
the previous to the following parameter set. Two different
approaches are applied for this purpose. The first one consists
of providing the exact coordinate—in the phase space—of
the critical point identified for the previous parameter set to
the following one, while the second approach consists of ana-
lyzing the trend of the LIM, then extrapolating from it the
predicted LIM value, and from variations of the steady-state
solution’s position, the predicted position of the critical point.
In the continuation scheme developed, both approaches are
implemented, constituting the first and second phase of the
prediction, as detailed below. Obviously, if the critical region
has a discontinuous change, both approaches will not lead to
a correct estimation; however, they may still provide a LIM
estimate close to the exact one. In fact, a discontinuous vari-
ation of the critical zone does not imply a discontinuity in
the LIM value. However, if the parameter variation leads to
the appearance of a new BoA boundary that also makes the
LIM drop—for example in correspondence of a fold bifurca-
tion of another branch—the prediction will need a significant
correction, since in this case, the predicted values are no bet-
ter than the random initial conditions used by the classical
DynIn.

In the first phase of the prediction, a trajectory is initiated
from the critical point of the previous parameter set. If the
trajectory is divergent, then the closest point of this trajec-
tory to the solution already provides the first overestimate
of the LIM. Conversely, if it is convergent, we increase the
previous critical point’s distance from the currently investi-
gated solution (denoted by d on Fig. 2) by 10%, obtaining a
point from which another trajectory is initiated, whose con-
vergence properties are also investigate. The procedure is
continued until a divergent solution is obtained, or for a pre-
defined maximal number of attempts. In the investigated case
studies, discussed in Sect. 3, rarely more than three simula-
tions were required for this phase. Once a divergent trajectory
is detected, we attain a first overestimate of the LIM, and the
iterative procedure of the corrector can be initiated. It must
be noted that the 10% increase used here was determined
based on practical experience. The procedure is graphically
illustrated in Fig. 2, where, in accordance with Fig. 3, the
previous LIM value is LIM4.
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Fig.2 Prediction procedure of the initial hypersphere of convergence

In the second phase of the prediction, initially the LIM
value is extrapolated from the LIM values obtained for the
previous parameter sets. From the predicted LIM, the criti-
cal point is estimated considering the same relative direction
from the steady state to the critical point as for the previous
parameter set, but from the current steady state, and consider-
ing the predicted LIM. A trajectory is then initiated from this
point, constituting the first step of the correction algorithm.
The algorithm is visualized in Fig. 3, where LIMyeq is the
extrapolated LIM, and the vector connecting the solution to
the predicted critical point is parallel to the vector connect-
ing the previous solution to the corresponding critical point.
The LIM extrapolation is a cubic spline extrapolation, which
takes into account the 4 previous values, using a curve with
C> continuity. When there are only three or less previous
values available it falls back to quadratic or linear extrapola-
tion, respectively, and if no previous LIM value is present, the
point provided by the second phase is chosen randomly. The
choice of spline extrapolation was made so that several previ-
ous data points are considered; however, further analysis not
included in the paper, revealed that using linear extrapolation
or cubic convolution would give very similar results.

In essence, while the first action aims to find the critical
point in the exact area of the phase space, where the previous
point was found, the second action assumes it shifts together
with the steady state, and predicts its value accordingly. The
first phase also has the advantage that it provides the initial
LIM value as a radius of a hypersphere, which is sure to con-
tain the critical point. This way, the region of the phase space
that needs to be examined by the corrector is shrunken inside
this hypersphere. Even though the algorithm explores both
options and computes them methodologically in parallel, the
prediction step does not produce significant computational
COSt grows.

The two prediction actions could be combined by look-
ing at the evolution of the critical point for variations of the
parameter values, and estimating the new critical position
through a polynomial extrapolation of the coordinate of the

=
=
o,
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Spline fitted on 4 previous LIM values
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v Nhy 71
Fixed poiht 3
S XY
P]'(‘\'i()m ..... /\
Predicted critical point

Previous critical point =

Fig.3 Prediction procedure of the first initial condition

critical position. Theoretically, this approach could be very
effective, but it requires a very good knowledge of the criti-
cal point, which typically is not obtained with the proposed
method. In fact, while the DynIn algorithm has a relatively
good accuracy in terms of LIM estimated value, it is much
less accurate regarding the critical point position. This occurs
because often far apart points of the BoA boundary have
very similar distance from the solution, an issue detailed in
[40], which might lead to inaccurate estimation of the crit-
ical point’s exact position, especially in large dimensional
systems. Therefore, breaking the prediction phase into two
actions provides better results than combining them. Addi-
tionally, we note that inaccuracies in the prediction step do
not compromize the accuracy of the LIM estimation, but only
reduce or eliminate the gain in computational time provided
by a correct prediction.

In the case of periodic orbits, the solutions are discretized
into a finite number of points for the LIM computation [24].
For each parameter value we use the same number of points
to represent these steady states. Thus, in the same way we
defined the critical point of the BoA boundary, we can define
a critical point for the periodic solutions as well, which is the
closest to the boundary of its basin, and from which the LIM
is computed. For periodic orbits of periodically excited sys-
tems this critical point of the solution would define a critical
time section too. During the prediction phase both actions
are computed using the nearest point of the orbit to the point
of the previous solution, from which the final LIM value was
obtained.

@ Springer
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Once the prediction phase is completed, the algorithm pro-
ceeds with the corrector phase, according to the algorithm
described in details in [23, 24]. The most important steps of
the algorithm are recalled here. First, (i) boundaries of the
phase space are defined; trajectories crossing the boundary,
even if temporarily, are considered divergent. Then, (ii) the
phase space is divided into small cells. After that, (iii) tra-
jectories are computed one by one, and their convergence
properties are automatically calculated leveraging the cell
subdivision, as detailed in [23]. Cells containing points of a
trajectory are classified as converging or diverging depend-
ing on the convergence of the trajectory they belong to. If a
trajectory reaches a cell already classified, its computation
is interrupted and it is classified as convergent or divergent
depending on the reached cell classification. (iv) After each
diverging trajectory, the LIM is estimated as the minimal dis-
tance between the steady-state solution under study and any
point of the diverging trajectory. Initial conditions of each
trajectory are computed either through a bisection method,
aiming at initiating them as close as possible to a BoA bound-
ary [25], or through a minimal distance algorithm, which tries
to provide a homogeneous exploration of the phase space
[23]. While the former method is more accurate and faster,
the latter one reduces the probability of overlooking other
solutions or regions of basin erosion. In both cases, initial
conditions are chosen withing the hypersphere marked by
the last LIM estimate, or in its close vicinity. The procedure
continues until a predefined number of iterations is reached.
We note that also the initial trajectories, computed for the
prediction of the initial hypersphere, are classified according
to the cell subdivision, providing a substantial reduction in
computational time. Importantly, we highlight that, unlike
the cell-mapping method [16], only a small portion of the
cells are classified, which prevents the algorithm from hav-
ing significant memory issues in large dimensional systems.

While the original DynIn algorithms [23-25] compute
the LIM for one of the coexisting solutions at the time, we
modified the procedure such that information obtained for
one solution is used for the others. In particular, the algorithm
stores the convergent cells of all identified stable solutions
and, when analyzing one specific solution, reclassifies the
convergent cells of the other solutions as divergent, since
from the perspective of the investigated solution those trajec-
tories are effectively divergent and the base Dynln algorithm
can distinguish only between convergent and divergent cells
for one solution at a time. Initially only the cells of the solu-
tions themselves are known; however, with each solution
examined, the number of already explored cells increases,
leading to a much faster computation. In particular, one of
the more time consuming tasks of the original DynIn algo-
rithm was exactly the identification of other solutions, which
instead is performed much more efficiently by the numer-
ical continuation algorithm. If solutions are not identified
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by the continuation algorithm—for example in the case of
detached branches—they will be discovered by the corrector
algorithm, as illustrated in the case studies of Section 3.2. If
this happens, our algorithm can numerically continue those
branches as well, if the user request it, thus exploring the
phase space in even more depth. However, it must be noted
that the algorithm might overlook stable solutions, especially
if they do not directly limit the LIM of the investigated steady
state, or they appear in a parameter region, where no other
stable solutions are known, and no analysis is initiated; nev-
ertheless, in this case the solutions are not the most critical for
the system integrity, and overlooking them is indeed compu-
tationally more efficient than analyzing them, from a purely
dynamical integrity perspective.

Algorithm 1 Predictor-corrector continuation of dynamical

integrity
Require: Continued solutions S; ; at parameter values A;,i = 1... N,
j=1...m;

Ensure: LIM: L; ; foreach §; ;

1: fori = 1to N do

2 Classify cells of all solutions: C; ; < §; ;
3:  for j =1tom; do

4: Convergent and divergent cells:
c<Cij d < Cixk#j
5 if S; ; is unstable then
6: Li,j ~0
7. else if S; 1 ; does not exist then
8: [Li,j, pi,j» c] < DynIn(S; j, c,d)
9: Ci,j <~ C
10: else
Prediction phase 1
11: Previous critical point: xo < p;_1,;
12: while x is convergent do
13: x < Trajectory from xo
14: k++
15: Xo < xo + W
16: end while
17: pl(oj) “«— X
18: L§°} = []x — Si ]
Prediction phase I
19: Extrapolate L;"; from LIM 1o 1,
20: Compute first initial condition:
Correction phase
21: pr < [p{”. L% xicl
22: [Li,j, pi,j» c] < DynIn(S;, pr, ¢, d)
23: Ci,j<c
24: if New solution found: S; ;1| then
25: Continue S; ;41 for A; to Ay
26: end if
27: end if
28:  end for
29: end for

This concludes the outline of the developed continuation
algorithm, which, for better understanding, is provided as
a pseudocode in Algorithm 1. There, we denote the steady
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states as S; ;, the parameter values as A;, the LIM values as
L;,;, the critical points with p; ; and the convergent cells of
each solution as C; ;, with i being the index of the parameter
values, and j being the index of the coexisting solutions for a
parameter set. The results of the prediction (pr) are the initial
LIM Lg j the point from which it was computed pg j and
the first initial condition x;¢, while ¢ and d are the input
convergent and divergent cells to DynIn.

The algorithm will be tested on three different nonlinear
systems in Section 3, to prove its efficiency and potential
limitations in the parametric study of system robustness.

2.2 Basin of attraction identification

Describing the robustness of a system through a scalar value
like the LIM has great advantages when it comes to compu-
tational effectiveness. However, it fails to provide detailed
information about the system’s global dynamics, which, in
case of specific parameter sets, can be required. Thus, the
identification of the BoA becomes a necessity, regardless
of its computational costs. Additionally, to analyze specific
parameter sets in detail, computing the BoA, or at least
sections of it, can also serve as a way to validate the LIM esti-
mation of the continuation algorithm. Therefore, we included
a feature in the classical DynIn that allows the user to com-
pute sections of the BoA, and from that, the exact LIM value.

The developed algorithm defines a grid of initial condi-
tions on a selected phase plane section. From each initial
condition trajectories are initiated. However, for character-
izing the trajectories the algorithm does not wait for them
to reach one of the steady-state solutions, but exploits the
cell subdivision used in the classical DynIn framework, i.e.,
if a trajectory reaches an already classified cell, the simu-
lation is interrupted. This allows for a significant reduction
in computational time, especially in large dimensional sys-
tems. In fact, only few trajectories will have to reach the
steady state. We note that the size of the grid of initial con-
ditions affect the resolution of the BoA, while its accuracy
is related to the cell dimension, and the two are independent
from each other. In some sense, the approach uses ideas of
the cell mapping method, as each cell is interpreted as a sys-
tem’s state; however, it does not require to investigate all the
cells, which would lead to insurmountable memory issues
for large dimensional systems.

An exemplification result is illustrated in Figure 4a, where
the BoA of the Duffing oscillator, discussed later in Sec-
tion 3.1, is presented. In this case, the cell resolution is 10
times greater than the one of the grid (100 points in each
direction), leading to accurate results in a reasonable time.
Additionally, Figure 4b shows that the computational time
increases only moderately with the increased cell resolution.
Moreover, if we only increase the number of the cells, while

-+
<+
+
-
<+

ot

200 400 600 800 1000
Number of cells in each direction

(b)

Fig.4 A time section of the BoA computed for the Duffing oscillator
(¢ = 0.05 F = 0.02, ® = 1.1) and the computational time as a
function of the cell discretization’s resolution

Computational time (min)
o =

o

keeping their size constant, the computational time increase
is even less significant.

We remark that, for systems of dimension 3, the computa-
tion can be further improved by plotting also intersections of
the trajectories with the section under study. However, this
cannot be done for systems of larger dimension. For continu-
ous system of dimension 2, BoA boundaries are fully defined
by separatrices [43], usually making the computation trivial.
The algorithm can be applied to larger dimensional sections;
however, large computational cost and difficulty of visual-
ization makes it rarely useful. It should be noted that our
approach makes parallelization of the computation process
more complicated, as new trajectories use information of pre-
vious ones. In view of using GPUs, this can be an important
drawback. Still, a compromise can be reached, by perform-
ing groups of simulations in parallel and proceeding group

by group.

2.3 Dynamical integrity assessment of chaotic
attractors

Strange attractors are relatively common in nonlinear sys-

tems. While usually avoiding such solutions is the goal, in
some instances, like for thermal pulse combustors [44], or

@ Springer
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fluid mixers [45], keeping the systems in a chaotic regime
can be beneficial from an engineering standpoint. In these
cases, assessing the robustness of the attractors is important
to ensure adequate operation. For such problems, the general-
ized cell mapping method is often applied [18, 46]; however,
unaffordable memory requirements still limit its widespread
use [47]. Hence, we aim to enhance the set of algorithms in
DynIn, to compute the dynamical integrity of chaotic solu-
tions, without expensive hardware requirements.

The idea behind the algorithm is similar to the one
employed in the case of periodic solutions [24]. Let us first
consider the case of periodically excited systems. First a sim-
ulation is initiated from a user provided point of the chaotic
attractor, generating a relatively long trajectory which cover
most of the areas touched by the chaotic attractor. Points of
the trajectory are collected according to the different phases
of the excitation force, obtaining stroboscopic Poincaré sec-
tions of the attractor. These points and the cells they lie in
are then classified as convergent.

Utilizing all the collected points for the LIM computation
would be computationally too expensive. In fact, for each
diverging trajectory, in each phase, it is required to com-
pute the minimal distance between any of these points and
any point of the trajectory. Hence, we represent the attractor
by a subset of these points in each time section, which are
chosen such that they homogeneously cover each section of
the chaotic attractor. Details of the algorithm for the point
selection are provided in Appendix A. Then, we use only
these sampled points for estimating the LIM and selecting
the next initial condition after a trajectory’s convergence has
been determined.

Apart from this, the procedure is the same as for periodic
orbits [24], with the difference that for each considered time
phase we have a set of point and not a single one. The LIM is
estimate as the minimal distance between any of the selected
points and any point of diverging trajectories, computed for
each phase. An example of a Poincaré section of a chaotic
attractor, obtained for the system in Section 3.1, is repre-
sented in Fig. 5. While the black dots (5000 points) mark
all points initially computed for the section of the chaotic
attractor, only red points (40 points) are used for the LIM
computation. The purple point indicates the competing peri-
odic solution. Green and orange regions are the BoA of the
two solutions, respectively, and the blue cross identifies the
critical point of the BoA boundary.

The sampling points’ ability to represent the attractor even
with such low numbers for the LIM estimation is clearly vis-
ible from Fig. 5. This is further proven by the low sensitivity
of the estimated LIM value to variations of the sampling point
number, as illustrated in Table 1.

In the case of autonomous systems, there is no need to
organize the points marking the chaotic attractor according
to Poincaré sections, similarly to the case of limit cycle oscil-
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Fig.5 The BoA (green region), the sampling points (red crosses) and
the critical point (blue cross) of the chaotic attractor (black dots) found
in the forced Duffing oscillator, computed by the BoA identification
algorithm (Sec. 2.2), for parameters: ¢ = 0.05, F = 0.24, w = 1.1

Table 1 Effect of the number of sampling points used for chaotic attrac-
tors on the LIM value

Sampling points 20 40 60 80 100

LIM 0.259 0.246 0.246 0.244 0.244

lations studied in Section 3.2, as described in [24]. Also in
this case, a small number of homogeneously spaced points of
the attractor are used for the LIM computation. Although this
case is not covered by the case studies presented in Section 3,
it does not present any technical difficulties with respect to
chaotic attractors ensuing in periodically excited system, as
the ones studied in Section 3.1.

3 Case studies

In order to evaluate the capabilities of the developed algo-
rithm, we tested it on three different dynamical systems. The
analyses were mostly carried out on periodic solutions, as
their algorithmic treatment presents more difficulties than
fixed points. However, also more challenging cases, such
as chaotic solutions, were considered. First, we tested the
algorithm on a non-autonomous system, namely a harmoni-
cally forced Duffing oscillator with a negative linear stiffness
term. The goal of this analysis was, on the one hand, to com-
pare the performance—in terms of computational time and
accuracy—of the proposed continuation algorithm against
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that of the original algorithm in [23, 24], without continu-
ation. On the other hand, we tried to assess the ability of
the method to process a relatively large amount of attrac-
tors at the same time. The second analyzed system consists
of a self-excited autonomous system, namely a Van der
Pol-Duffing oscillator coupled with a nonlinear vibration
absorber. Here, the ability of the method to assess several
limit cycles at the same time was again examined, and the
engineering relevance of parameter studies regarding robust-
ness was demonstrated. Finally, in order to show how the
method behaves when applied to realistic, moderately large
dimensional systems, and to further reinforce the legitimacy
of such analysis in engineering practice, the synchronous
motion of a self-synchronizing vibrating screen model was
analyzed. For all of the analyses a single core of a computer
with an Intel 19-9900, 3.10GHz CPU and 32GB RAM was
used.

3.1 Forced Duffing oscillator with negative linear
stiffness

The forced Duffing oscillator, which is a non-autonomous,
externally excited system, often plays the role of a trial system
in scientific studies due to its simple governing equations and
richdynamics. This is especially true when the linear stiffness
term is considered to be negative, which can be described by
the following equation of motion [48].

)'c'+2§)'c—x+x3=Fcos(wt) )

Previous studies regarding the dynamical integrity of sim-
ilar systems also exist [40, 48-50], making it an optimal test
subject for our analysis. A typical bifurcation diagram of the
investigated periodic orbits, varying the forcing amplitude
(F), can be observed in Fig. 1. In this instance, as well as
during the whole investigation of the system, the damping
coefficient is fixed at ¢ = 0.05; thus, from now on, only
the other parameters will be specified. In Fig. 1, the saddle-
node bifurcations, computed by the numerical continuation
routine, are denoted by snA, snB, and snC, while the period-
doubling bifurcation is indicated by pd. The stable periodic
orbits, visualized by blue lines, which exist symmetric to the
origin in the phase space as well, are the in-well non-resonant
(INR), the in-well resonant (IR ), and the out-of-well resonant
(OR) steady states, while the unstable solutions are marked
by red dashed lines. For clearer understanding of the differ-
ent solutions, they are also represented in the phase space in
Fig. 6.

Overall, the algorithm discovers eight different peri-
odic solutions, three of which are unstable. The dynamical
integrity analysis of all stable solutions was performed in a
single run of the continuation algorithm. This enables a sig-
nificant reduction in computational time, as information is

(b)

Fig. 6 Existing periodic solutions of the forced Duffing oscillator in
Eq. (1) for parameters: (a) F = 0.1, w = 1.1. (b) F = 0.3, w = 1.1.
Solid lines: stable solution; dashed lines: unstable solutions

shared between the analysis of the different coexisting solu-
tions. The obtained results can be seen in Fig. 7, where the
LIM was calculated for four solutions (two INR and two IR),
but due to the symmetry only two of them are shown. For the
analysis, the used parameter values are specified in Table 2,
while their meaning is thoroughly discussed in [23, 24] and
in DynIn’s tutorial. The continuation algorithm computed
results for values of F between 0.004 and 0.2, with a step
size of 0.004, so overall 50 parameter sets were analyzed.
Obtained results are consistent with those presented in [40],
manifesting the same sudden drop in dynamical integrity at
the appearance of the INR steady states due to bifurcation
snA. The OR solution is not shown on the diagrams due to
the fact that when it is born from the snC bifurcation, there
are no other stable solutions, thus the algorithm does not ini-
tiate the dynamical integrity analysis, hence it impossible to
discover it.

Next, we computed dynamical integrity maps of all the
stable solutions, considering simultaneous variations of the
forcing frequency (w) and amplitude (F). The continuation
algorithm used the same parameter values as in the previ-
ous case (Table 2), but calculated the output for 60 forcing
amplitude values between 0.01 and 0.6; this procedure was
repeated for 31 values of w between 0.8 and 1.4. The continu-
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Fig.7 (a) Bifurcation diagram of an in-well branch of the forced Duff-
ing oscillator (w = 1.1); solid lines: stable solutions, dashed lines:
unstable solutions. (b) Estimated LIM of the stable periodic solutions

Table 2 Algorithm parameters used by the corrector DynIn, detailed
information about the parameters’ meaning can be found in [23, 24]

discr Cells in each direction 701
spaceboundary Boundary of the phasespace [-5,5]¢
Nt Number of time sections 30
number_of_steps Number of iteration steps 100

4For all coordinates

ation was always performed for increasing F values. Results
are shown in Fig. 8a-c, where symmetric solutions are not
illustrated twice for the sake of brevity. Nevertheless, further
analysis with reversed direction of the continuation (not illus-
trated here) showed that the direction of the continuation has
negligible effect on the results, with the LIM values being
slightly less precise in the reversed direction, because the
prediction step finds divergent trajectories easier, when the
LIM decreases. Also, as a mean to make the diagrams more
perceptible, in regions where only one globally stable solu-
tion exists, the LIM is capped at value 0.55. In all cases, the
trend of the LIM is perfectly consistent with the bifurcations
of the system.

@ Springer

In order to make the LIM map more comprehensive, with
the algorithm developed for strange attractors described in
Section 2.3, we analyzed the out-of-well chaotic attractor of
the system. This solution exists in the region defined by the
bifurcation snB, where the chaotic attractor inherits the BoA
of the two INR orbits, the boundary crisis cr of the in-well
chaotic attractors, which are born at the end of the period-
doubling cascade, and the homoclinic bifurcation hb, where
it disappears [48]. Even in this case, the results (Fig. 8d)
are consistent with the bifurcations, which were computed
numerically. The region where this chaotic attractor is the
sole stable solution is again capped to the LIM value of 0.55.
The LIM analysis of the chaotic solutions did not use the con-
tinuation scheme, since it presents some technical difficulties
related to the algorithms used by continuation methods for
chaotic solutions [51, 52]. Additionally, we note that the sys-
tem presents periodic windows within the chaotic region,
related to phase locking, and in-well chaotic attractors [48].
However, their LIM analysis is omitted here, since they exist
in very narrow parameter spaces and their practical relevance
is minimal.

In the following, we compare the performance of the algo-
rithm proposed here, with the one presented in [23, 24],
using the classical DynIn algorithm, i.e. without predictor-
corrector continuation. For the diagrams in Fig. 8, 100
iterations of the corrector were used; however, the main
advantage of our continuation algorithm is the possibility
of reducing the iteration numbers needed to achieve accurate
results. Therefore, the performance—in terms of computa-
tional time and accuracy of the estimated LIM value—was
compared for either 20, 40 or 100 iterations. Reference LIM
values were obtained from the identification of the whole
BoA from an initial condition grid of 100 points in each
direction, while 30 time sections were considered for each
period of excitation. In each case, the analysis reported in
Fig. 7 was repeated ten times, and the mean values of the
LIM error and computational time over the examined forc-
ing amplitude interval were attained. Results are summarized
in Table 3. One can see that, while for large iteration num-
bers the precision difference is negligible, with a slightly
faster computation with the continuation method, there is a
clear advantage of using continuation when a rapid dynam-
ical integrity analysis is needed, resorting to a low number
of iterations. In the latter case, both the computational time,
as well as the error in the results are significantly lower with
the proposed continuation algorithm than with the classical
approach.

Howeyver, it must be mentioned that even with the contin-
uation, the LIM error might not be negligible for very low
number of iterations. This is due to the fact that, when the
basin boundary is fractal, like in the presence of the in-well
chaotic attractors, the prediction of the critical point becomes
much less reliable, thus requiring more iterations for the cor-
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Fig.8 Robustness maps of the
stable periodic orbits of the
forced Duffing oscillator: (a)
INR. (b) IR. (c) OR. (d)
Out-of-well chaotic attractor

LIM

Table 3 Comparison between
error of LIM results and
computational time between the

continuation algorithm and the
DynIn toolbox

INR IR

Analysis type LIM error (%) Time (s) LIM error (%) Time (s)
Continuation, 20 iterations 1.63 1.515 11.13 1.002
No continuation, 20 iterations 232.45 2.634 181.13 2.498
Continuation, 40 iterations 1.03 3.496 4.72 2.539
No continuation, 40 iterations 130.26 5.392 124.25 4932
Continuation, 100 iterations 0.69 15.308 1.03 13.506
No continuation, 100 iterations 0.71 16.687 1.56 15.481

rector. This is clearly observable in Fig. 9, where a sudden
increase in the LIM error is noticeable after the IR solution
goes through the period-doubling bifurcation. Itis easy to see,
however, that even in this region the continuation method still
performs significantly better than the classical DynIn. This
is further highlighted in Figure 10, where the two analyses,
which produced the smallest LIM during the investigation
in Table 3 for parameter values where the basin boundaries
are fractal, are compared with the critical time section of the
BoA.

From an engineering practice perspective, where typi-
cally a quick parametric analysis is needed, our continuation
method can provide, in very short time, results, which are
both qualitatively and quantitatively significant, and describe

the evolution of the LIM effectively. Another important
advantage of the continuation algorithm is that it can assess
all periodic solutions simultaneously, while the classical
DynIn toolbox could only analyze one solution at a time,
reducing the amount of setup time required for the parametric
analysis.

3.2 Van der Pol-Duffing oscillator coupled with a
nonlinear vibration absorber

In order to test the continuation algorithm on the limit cycles
of an autonomous system, a vibration mitigation problem
was selected, specifically the Van der Pol-Duffing oscillator
(VdPD) coupled with a nonlinear tuned vibration absorber
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Fig.9 Comparison of the error in the computed LIM values of the INR
attractor between the continuation algorithm and the classical DynIn
for 20 iterations (w = 1.1): (a) Bifurcation diagram. (b) LIM error

diagram

(NLTVA), studied in [41]. The system was chosen due to
its engineering relevance in the study of limit cycle oscil-
lations, which can often lead to safety risks [6]. Another
reason was its two degrees of freedom, which would imply
that traditional methods to assess robustness, especially over
an interval of parameters, are challenging from a computa-
tional cost perspective. The equations of motion derived in
[41] are the following.

migy + c1(g? — Va1 + kigi + kni g +
+ €244 + kaga + kagd = 0, )
madn — €2ga — kaqa — kagg = 0, (3)

where g1, m1, c1, k1 and kpj are the oscillator’s displace-
ment, mass, damping and the coefficients of the linear and
cubic springs, respectively. While ¢», m», c2, k» and kppp
denote the same for the NLTVA, and ¢4 = ¢q1 — ¢2. To
make the investigation more universal and following [41],
the following dimensionless parameters were introduced to
characterize the self-excitation term and the nonlinear stiff-
ness of the NLTVA:

@ Springer

INR attractor

Hypersphere, continuation algorithm
Hypersphere, classical DynIn

Critical point, continuation algorithm
Critical point, classical DynIn

-2 -1.5 -1 -0.5 0

X

Fig. 10 Comparison of LIM results in the critical time section, when
the BoA boundary is fractal for the INR attractor. The BoA section was
computed using the algorithm in Sect. 2.2, with 200 initial conditions
in each direction. Parameters are: F' = 0.15, w = 1.1

2 -
1.51
1
05 i : - /83 =
/ . B = 0.0136
. | | I , |
0 0.2 0.4 0.6 0.8 1

Fig. 11 Bifurcation diagrams of the system in Eq. (2)-(3). Solid lines:
stable solutions, dashed lines: unstable solutions. (uy = 0.12,a3 = 0.3,
e =0.05and y = 0.985)

1 knipm
W =—— pz=——,
2«/k1m1 k1m2
1) ka1t

G 4)

wn  [komy
y = — = .

wn1 kima
In the original study about this system [41], the objective

was threefold. The linear absorber parameters (y and p2)
were tuned to postpone the Hopf bifurcations to the largest

M2 = —2 T

& =my/my,



Rapid mapping of basin stability: A numerical...

Page130f21 920

Fig. 12 The behavior of the VAPD-NLTVA system, which lead to the
discovery of the isola: (a) Bifurcation diagram, where snA and snB mark
saddle-node bifurcations and hp the Hopf bifurcation, with the unstable
solutions depicted by the dashed line. (b) LIM diagram. (i = 0.12,
a3 =0.3,e =0.05, y =0.985 and B3 = 0.0136)

2_

Fig. 13 Bifurcation diagram of the VdPD-NLTVA system along 11
and B3. (u2 = 0.12, a3 = 0.3, ¢ = 0.05, y = 0.985)

possible 111 value; then, the nonlinear absorber stiffness (83)
was chosen such that the Hopf bifurcation is supercritical and
the emerging branch of periodic solutions has amplitude as
small as possible, without other undesired solutions present.
After analytically identifying the optimal parameter tuning,
validation was mostly done through a classical numerical
continuation in MatCont [35], as can be seen in Fig. 11.
From Fig. 11, it seems that the chosen parameter values
can effectively achieve the sought result, as no undesired
solution is visible for 3 = 0.0136. However, once the
dynamical integrity continuation algorithm was applied to
the system’s desired small amplitude vibrations (SAj), we

LIM
3.5
0.015 & 5
I
2.5
0.01 9
oy
1.5
0.005 1
0.5
0 : : 0
0.09 0.5 1 1.5
H1
a LIM
( ) 3.5
0.015 5
2.5
0.01 5
oy
1.5
0.005 1
0.5
0 0
0.09 0.5 1 1.5
M1
b LIM
( ) 3.5
0.015 3
2.5
0.01¢ 2
éj
1.5
0.005 1
0.5
0 : : 0
0.09 0.5 1 1.5

M1
(c)

Fig.14 LIM diagram of the VAPD-NLT VA system along 11 and 33: (a)
SA;. (b) LA. (c) Another smaller amplitude vibration, which appears
from a fold bifurcation (SA»), see Fig. 13. (u2 = 0.12, a3 = 0.3,
e =0.05, y =0.985)

observed a sudden drop in the LIM for a given parameter
range. This led us to the discovery of an isolated branch of
large amplitude periodic solutions (LA), visible in Fig. 12,
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Table 4 Algorithm parameters discr Cells in each direction 701
used by the corrector DynIn,
detailed 1nf0rmat19n about the spaceboundary Boundary of the phasespace [-10,10]¢
parameters’ meaning can be . o
found in [23, 24] Nt Points of limit cycle 50
number_of_steps Number of iteration steps 100

4For all coordinates

which undermines the performance of the NLTVA. This find-
ing clearly highlights the importance of global dynamics and
dynamical integrity assessment for nonlinear system analy-
sis.

This result motivated further investigating of the bifur-
cation diagram for different values of 3, with the outcomes
illustrated in Fig. 13. According to our results, for low f3 val-
ues (black line, 83 = 0.011) the branch of periodic solutions
bands, forming a sort of peninsula, which then detaches from
the main branch for larger B3 values (red line, 83 = 0.015).
This detached branch then shrinks for increasing 83, until it
eventually disappears (green line, 83 = 0.016).

This rather involute bifurcation scenario makes the dynam-
ical integrity investigation more intriguing and potentially
informative. Results of the analysis, carried out with the
algorithm discussed above, are presented in Fig. 14. For all
analyses, the parameters for the computation are specified in
Table 4. The simulation time step of Ts = 0.1 time units was
applied. The LIM was calculated with a step size of 0.005 in
the w1 direction, between the values 0.09, point of the Hopf
bifurcation, and 1.5. This procedure was repeated for 18 val-
ues of B3 between 0 and 0.017, when the isolated branch has
already disappeared. The areas where a solution was globally
stable had their LIM values capped to 3.5 for better visual-
ization, the same way as it was done in Section 3.1. From an
engineering perspective, these results suggest that the opti-
mal B3 value is not 0.0136, as indicated in [41], but 0.016 or
larger.

These results are again proof that our algorithm is able to
handle several branches of steady-state solutions at the same
time, without the need for user intervention. We note that,
for the system under study, in some cases a single branch
underwent up to four bifurcations for variations of the single
parameter 1, which highlight the challenging character of
the task. The findings also further promote the necessity of
robustness assessment in risk mitigation analyses, where the
goal is to ensure sufficiently safe operation.

3.3 Self-synchronizing vibrating screen

In this last case study, we test the continuation algorithm on a
realistic industrial problem. The main obstacle engineers face
in the case of such systems is their moderately large dimen-
sionality, which complicates analysis, especially regarding
dynamical integrity, where typically the so-called curse of
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Fig. 15 Mechanical model of a self-synchronizing vibrating screen

dimensionality dominate computational and memory cost
[2]. Hence, our main aim here is to prove the effectiveness of
the continuation algorithm in conducting robustness assess-
ment over multiple parameters on a 5 degrees of freedom
self-synchronizing vibrating screen model, which was cho-
sen due to our previous work on it [53]. The mechanical
model is represented on Fig. 15, with the generalized coor-
dinates shown in red.

The equations of motion of the system and the meaning
of each parameter can be found in Appendix B, where the
equations were developed for a DC motor drive, with the
supplied voltages being the input variables. The parameter
values used later are also shown in Appendix B, in Tables 7
and 8.

These machines exhibit a very interesting behavior, where
even if the unbalanced rotors are not directly connected, given
the right parameters, they will synchronize their angular
velocities during operation, creating a translational excita-
tion on the sieve body, which can be used to power horizontal
screening machinery. The criterion for synchronization and
the stability of the synchronous motion have already been
extensively studied in scientific literature [54—58]. However,
these results only examined the local stability of the syn-
chronous motion, which does not always guarantee global
stability, meaning that large enough perturbations can force
the machine into the undesirable non-synchronous motion,
making robustness assessment a necessity. The stability map
of the system, derived numerically through a sweep-up and
sweep-down procedure of the voltage difference between the
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Table 5 Algorithm parameters used by the corrector DynIn, detailed
information can be found in [23, 24]

discr Cells in each direction 701
Nt Points of limit cycle 10
number_of_steps Number of iteration steps 100

rotors Ugisr, exhibits a large bistable region, for parameters
previously considered safe [53].

Since the synchronous motion is a periodic solution of
the system [55], the continuation algorithm could again
be applied, in order to run parametric analysis aiming to
optimize parameters for robustness against external pertur-
bations. These are visible in Fig. 16. The continuation of
the solution branch was done in the direction of Ugis for
57 values between 0 V and 560 V, for 25 mean voltage
(Uayg) values between 300 V and 540 V. This was repeated
for four friction coefficient values of the rotors. The algo-
rithm parameters used for the computation, are indicated in
Table 5. The boundary of the examined phase space was
selected to be [—0.1, 0.1] m and [—5, 5] m/s for the x- and
y- directional displacements and velocities, [—0.5, 0.5] rad
and [—5, 5] rad/s for the ¢ swing angle and angular velocity.
The limits of the ¢%;, which are the rotational angles of the
rotors, were [0, 2] rad, and the limits of their angular veloc-
ities were [—20, 20] rad/s, around the synchronous angular
velocity w,, computed during the continuation of the solu-
tion branch. The time step of each numerical simulation was
also chosen to be Ts =27 /(Ntw,, ), where Nt is the number
of sampled points for the limit cycle.

The results in Fig. 16 are in line with those attained by sim-
ply using the classical DynIn, presented in [53]. However,

avg

(d)

the computational time was reduced by 21.8% on aver-
age for each parameter set investigated with 100 iterations,
while LIM results were smaller by 7.485%. A small num-
ber of iteration would significantly enhance the difference
in the computational time. Nevertheless, the relatively large
dimension of the system suggests to use a higher number of
iterations than for the systems studied previously.

From the point of view of the system safety, results illus-
trate that by increasing the friction coefficient we lose linearly
stable area for the synchronous motion; however, the glob-
ally stable region remains approximately the same (capped
to LIM value 9 in the figure). This suggests that the increase
of the friction coefficient does not reduce operational safety,
considering that the bistable region is unfit for prolonged
usage, because of its low dynamical integrity.

In this case, since the system is ten dimensional, the com-
putation of the whole BoA is unfeasible even with our BoA
identification method, which limits the possibility of validat-
ing the results. However, since sections of the BoA can be
computed, comparison can be made between the LIM and
the BoA section, which is estimated to be the critical one,
as seen in Fig. 17. Here, ¥ is the average phase angle of the
rotors, and 2 is the phase difference between them, since the
rotational angle of the rotors can be assumed as ¥; = 9 £ &
[57]. The BoA is projected onto the section, where the only
nonzero coordinates are the 2§ phase difference, its angular
velocity and the mean angular velocity of the rotors, which
is fixed at the synchronous angular velocity: ¥ = @,,. The
simulations were initiated from an initial condition grid that
had 75 elements in both directions.

It must be mentioned that we considered solutions
(marked by a purple dots) with 27 shifts in the phase differ-
ence physically identical; however, we only compute the LIM

@ Springer



920 Page 16 of 21

M. Szabé et al.

26 (rad)

Fig. 17 Basin of attraction section of the synchronous motion (purple
dots) of the vibrating screen, with the hypersphere of convergence (black
circle), for parameters Uyyg = 400V, Ugir = 100 V and ¢c;2 = 1.6
Nms/rad. Other coefficients are marked in Tables 7 and 8, and other
initial conditions are all set to zero

for the solution closest to zero phase difference. Comparing
LIM results with the BoA section shows great agreement,
as the black circle (marking the LIM) is fully inside the
green area. The algorithm generates overestimates of the
true LIM; in this case, the black circle does not touches
the BoA boundary because the critical point is not included
in the plotted sections. Indeed, in this case, our algorithm
produced a more precise LIM estimate than the one obtain-
able by the BoA section. We also note that the section of
the hypersphere of convergence, with the LIM as radius,
resembles an ellipse, because distances are normalized dif-
ferently in each direction acknowledging the anisotropy of
the phase space. Further detailing of this issue can be found
in [23].

4 Conclusions

In this study, for the first time, we proposed a predictor-
corrector based continuation algorithm for the computation
of the dynamical integrity of steady-state solutions. The
method leverages the DynIn toolbox [23, 24], which directly
computes the local integrity measure (LIM) of a solution,
bypassing the full computation of the full basins of attrac-
tion (BoA). Our algorithm introduces a prediction step in the
procedure, which exploits information about the dynamical
integrity of nearby parameter sets to generate an accurate
first guess about the LIM, which is then corrected through
the same algorithm as in [23, 24]. Coupling this scheme
with a standard pseudo-arclength continuation algorithm
for steady-state solution identification, our procedure can
rapidly generate comprehensive robustness maps, estimat-
ing the LIM of all relevant stable solutions of a system for
a large range of parameter values. Additionally, all the com-
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putation can be performed in a single run of the algorithm,
making it particularly practical. The algorithm was further
augmented with the possibility of assessing the dynamical
integrity of chaotic solutions, an operation that was never
done before, without computing the whole BoA. Moreover,
the original algorithm in [23, 24] was extended for the rapid
computation of BoA sections, exploiting its framework of
cell-subdivision.

The algorithm was tested on three qualitatively different
dynamical systems; namely, a harmonically forced Duffing
oscillator with negative linear stiffness, a Van der Pol-Duffing
oscillator coupled with a nonlinear vibration absorber, and
a self-synchronizing vibrating screen. The first two systems
are both small dimensional, but one is non-autonomous and
the other one is autonomous, presenting, therefore, different
challenges, while the third one is an industrial-level larger
dimensional system. The major challenges of the first sys-
tems are the coexistence of numerous stable solutions, the
presence of chaotic attractors and fractal BoA, which were
all correctly addressed by the proposed algorithm. The pre-
cision of the results, together with computational speed of
the algorithm, was compared to the LIM calculated from the
whole BoA, and the classical DynIn method. It was found
that the prediction step drastically reduces the number of
iteration needed by the corrector, while keeping precision
relatively high. It was also proven that the algorithm can pro-
cess more than one solution for a given parameter set, and use
the convergence data acquired for other steady states during
the dynamical integrity approximation.

Another test was done on a Van der Pol-Duffing oscil-
lator coupled with a nonlinear vibration absorber. Here, we
demonstrated the ability of the method for limit cycles of
autonomous systems. The robustness assessment also led to
the discovery of unknown isolated steady states, completely
overlooked by previous studies on the same system [41],
where analytical and traditional continuation methods were
implemented.

Finally, we proved the ability of the method in case of
moderately large dimensional problems, by studying a 5-
DoF self-synchronizing vibrating screen. We were able to
compute the robustness diagrams with significantly less com-
putational costs than alternative methods. Our results also
suggested that larger friction coefficients of the driving rotors
result in approximately the same globally stable region when
the supplied voltages differ between driving motors, even
though the locally stable area decreases.

In conclusion, the algorithm was proven to reduce com-
putational cost, while keeping high precision for robustness
assessment parametric analysis. It was also able to assess
several steady states at the same time, further reducing the
need for user intervention, and computational and operational
time.
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In terms of limitations, we note that the algorithm uses
only part of the information obtained for one parameter set
for a neighboring one. Exploiting more extensively collected
data—for example, convergence properties of all explored
cells—could lead to a more advanced continuation algorithm.
However, as sudden changes in the phase portrait are hard
to anticipate, any prediction regarding the system’s global
dynamics might be misleading; this causes significant chal-
lenges for further improving the method.

Additionally, although we were able to address arelatively
large system for global analysis standards (5-DoF), the analy-
sis of large finite element models, encompassing hundreds or
thousands of DoF, remain prohibitive with the current algo-
rithm, and requires resorting to model reduction techniques
[26]. In this respect, the combination of parametric model
reduction with the proposed algorithm might reveal compu-
tationally extremely effective.

In terms of phase space exploration, our algorithm—as
also the classical DynTIn—utilizes only the position of the
trajectories, neglecting their velocity and acceleration of con-
vergence; as recently proved by a series of studies [59-62],
this information can be extremely valuable for dynamical
integrity analysis. Incorporating this information into our
algorithm might significantly reduce computational time and
improve accuracy, facilitating a smart exploration of the
phase space.

Nevertheless, we note that all these limitations are not
intrinsic in the proposed algorithm, but represent possible
developments, which will be explored in future studies.

Appendix A Sampling algorithm for strange
attractors

In order to homogeneously cover the chaotic attractor or its
time sections with sampling points, the points are determined
the following way, shown in Fig. 18 and Table 6. First, the
centroid of all the points of the attractor is determined. Then
the farthest point from it is computed, which would be our
first sampling point. Following this, we calculate the farthest
point from all the previous sampling points and the centroid
as well, by maximizing its minimum distance from them,
until the predefined number of sampling points is reached,
which is 10 in the illustrated case. The centroid, while not
included among the sampling points, still is a part of the
distance calculations for all of them.

As the number of sampling points increases, the homo-
geneity of the points can be increased. However, using too
many sampling points would defeat the algorithm’s purpose,
so it should be avoided.

2 -
1.5
1+ K
h 4‘ .10
0.5 4 0’ ()
: 5 e, M
8 0 B » 5 oo . 8
v et
-0. 3 6
_1F * Chaotic attractor
O Centroid
1.5+ X Farthest point from centroid
+ Other sampling points
_2 1 1 1 1
-2 -1 0 1 2

T
Fig. 18 Sampling of the chaotic attractor of the system discussed in

Section 3.1 (¢ =0.05, F =0.24, 0 = 1.1)

Table 6 Distance of the first 4 sampling points from each other and the
minimum

Points 1 2 3 4

centroid 1.587 1.379 1.323 1.094
1 2.763 2.820 0.939
2 1.576 2.468
3 2.054
minimum 1.587 1.379 1.323 0.939

Appendix B Equations of motion of the
vibrating screen

(M 4+ my +m2)X + (cxa + cxp)X

+ [c(cxa + cxp) cos(a + )

+ acya sin(a + @) + beyp sin(a + ¢)] @
+ (bkxp — akya) cos(a + @)

+ c(kxa + kxp) sin(x + @)

+ (akxa — bkyp) cos(a)

+ clhkxa + kyp) sin(a) + (kxa + kxp)x =
= mr1§? cos(a + B + @)

+ mary@? cos(a + B2 + @)
+mirigsin(e + i1 + ¢)

+ mory@ sin(a + B2 + @)

+ eymq cos(191)z912 — eomy cos(z?z)zé‘zz

+ eymy sin(91) 8 — exmy sin(92) P

(M +my +m2)y + (cya +cyp)y

+ [c(eya + cyp) sin(a + @)

(BI)
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— acya cos(a + @) + beyp cos(a + (p)] @ =myrysin(a + B + @)X
+ (bkyp — akya) sin(a + @) +mary sin(e + B2 + @)X
—c(kya + kyp) cos(a + @) —myrycos(a + B + @)y
+ (akya — bkyp) sin(a) +mary cos(a + 2 + @)y
+ C(kyA + kyB)COS(a) + (kyA + kyB)y = —e1mir [sin((x + B+ — 191)19]2
N .2 . .
=mirig”sin(e + fi + ¢) + cos(@ + 1 + ¢ — 011 ]
2.
+ mz"z(f sin(e + 2+ ¢) +eomory [sin(oz + B+ + 192)1922
—myrigcos(a + 1+ ¢) .
— cos(a + B2 + ¢ + 92)] (B3)

— mara¢ cos(a + B2 + @)

+ M +my+ma)g

+eymy sin(z?l)f}lz + eymy sin(ﬁz)f}zz
— eym cos(91)P — eama cos(D2)Da

(J 4 murf +mary)§ + {cxa(ccos(@ + )
+asin(e + ¢))* + cxp(c cos(@ + @)
—bsin(a + cp))2 + cyalacos(a + ¢)
—csin(a + <,0))2 + cyp (b cos(a + @)
+esin(a + ¢))? + [cralccos(@ + @)
+ asin(e + ¢)) + cxp(ccos(a + ¢))
—cyp(bsin(a + ¢))]x +

+ [—csin(a + ¢)) + cyp(bcos(a + ¢)
+ csin(a 4 ¢)) — cya(acos(a + )] y}¢
+kya(ccos(a + @) — bsin(a + ¢))
-(csin(a + @) — acos(a + ¢))
+kya(ccos(o + ¢) — bsin(a + ¢))
-(a cos(a) — csin(a))

~+kyp(ccos(a + @) + asin(a + ¢))
-(csin(o + @) + bcos(a + @)
—kxp(ccos(a + ¢) + asin(a + ¢))
-(bcos(a) + ¢ sin())

+kya(acos(a + @) — csin(a + ¢))
(a sin(a + @) + ccos(a + ¢))
—kya(acos(a + @) — csin(a + ¢))
(ccos(a) + asin(a))

+kyp(bcos(a + @) + csin(a + ¢))
(b sin(a 4+ ¢) — ccos(a + ¢))
+kyg(bcos(a + ¢) + csin(a + ¢))

-(c cos(a) — bsin(w))
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(B2)

mle%iﬁz‘] — mieq sin()X + meq cos(9)y

+myerricos(e + B + ¢ — 9)¢

—mierrysin(a + pi + ¢ — 009> = T (B4)
mze%f?'g — maes sin(¥h)X + moey cos(r)y

+ maezry cos(a + B + ¢ — 92)¢

—maexrysin(@ + fy + ¢ — 2)¢” =T (BS)

In the case of direct current motors the parameter of the
driving torque (i = 1, 2) are:

Kt K),‘KE .
T, =—U — +ci )% (B6)
R, a

Where the parameters M and m; are the mass of the screen
body and the eccentric rotors, e; is the eccentricity of the
rotors, respectively, and J is the mass moment of inertia of
the main body. Parameters a, b, ¢, o, r; and B1 denote the
geometry of the machine according to Figure 14. Further-
more, ¢y, ¢y and k,, ky refer to the damping and stiffness
coefficients of the mounting springs. In case of the DC motor
drive, K;, Kg, and R, are the torque constant, voltage con-
stant and the armature resistance, respectively, while U; is
the voltage supplied to the motors, and c¢; is the resistance
coefficient of viscous friction. The motion of the sieve is
characterized by the displacement of the center of mass G in
x- and y-directions, the swing angle of the machine body ¢,
and the phase angles of the rotors #; and 9.

The values used for each parameter during the investiga-
tion of the robustness, can be seen in Tables 7 and 8.

'Il:(l)atloerz Parameters of the DC N ©) 2
Ry () 4.494
K, (Nm/A) 3.224
KEg (V/rad/s) 4.207
c12 (Nms/rad) 1.6
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Table 8 Parameters of the screen body

mip2 M el J o a b c
ke (g M (kem> ) (M) (m)  (m)
300 25000 0.2 60000 0 2 2 0.3
r 2 B B kx ky Cx cy
m m ) ) (AN (AN (KNsy (kD)
025 0.25 180 O 2 5 40 80
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